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Abstract 

The relation between the violation of the Bell-CHSH inequalities and entangle- 
ment properties of quantum states is not clear so one may consider the mixedness of 
the system to understand the entanglement properties better than the Bell-CHSH 
inequality. In this respect, we prove that if the mixedness of the state measured by 
the linear entropy is less than | but strictly greater than zero then the two qubit 
states are entangled. But if the linear entropy is greater or equal to | then the 
state may or may not be entangled. Further we show that our entanglement crite- 
rion detects larger set of entangled state than Bell-CHSH inequality and Santos's 
entropic criterion [Phys. Rev. A 69, 022305 (2004)]. Lastly we illustrate our result 
by citing few examples. 

Quantum entanglement is one of the fascinating feature of quantum mechanics. 
There is no classical analog of quantum entanglement and that makes it more fas- 
cinating than anything else in physics. In the field of quantum information theory 
entanglement plays a major role. This is also a very useful resource in the sense that 
using entanglement one can do many things in the quantum world which are usually 
impossible in ordinary classical world. Some of these tasks are quantum computing [T], 
quantum teleportation ^ , quantum cryptography ^ . 

The entanglement detection problem is a very genuine and challenging task in quantum 
information theory. Researchers accept this challenge and proposed many entanglement 
detection methods by which we could detect the presence of entanglement in a given 
system. The first successful candidate was J. S. Bell [4j who proposed a entanglement 
detection scheme (now known as Bell's inequality), in 1964, when studying the Einstein- 
Podolsky-Rosen (EPR) paradox [5]. After that many modifications of the original Bell 
inequality were proposed. Among all these Clauser, Horne, Shimony, Holt (CHSH) in- 
equality [6j is the famous one. In 2002, D. Collins et.al. generalizes the Bell-CHSH 
inequality for arbitrary d-dimensional systems. This inequality is popularly known as 
the Collins-Gisin-Linden-Massar-Popescu inequality [7j. Bell inequalities for multipar- 
tite arbitrary dimensional system is also studied [8]. 
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Local realism implies constraints on the statistics of two or more physically separated 
systems. These constraints, called Bell inequalities, can be violated by the statistical 
predictions of quantum mechanics. A typical Bell- inequality for bipartite two qubits 
system was derived by Clauser, Horne, Shimony, Holt, allowing more flexibility in local 
measurement configuration than the original Bell inequality. The Bell-CHSH inequality 
read as 

IcHSH = {AiBi)p + {AiB2)p + {A2B1), - {A2B2)p < 2 (1) 

where {AiBj)p = Tr[p{ai. a^){bj. (J^)] known as the so-called correlation functions, p 
is the two-qubit state shared by A and B, a is the Pauli matrix vector, di and 0,2 are 
the unit vectors for the first and the second measurements performed to the subsystem 
A respectively and so do 61 and 62 for the subsystem B. The Bell-CHSH inequality has 
many merits [9j: (i) It is tight, i.e. it defines one of the facets of the convex polytope 
of local-realistic (LR) models (ii) It is violated by all the pure two qubit entangled 
states (iii) It is maximally violated by maximally entangled states. Thus the detection 
of entanglement in a pure two-qubit system via Bell-CHSH inequality is totally solved. 
On the contrary if the given system is mixed then Bell-CHSH inequality solves the 
entanglement problem partially even in two qubit system. The entanglement problem 
is not completely solved via Bell-CHSH inequality in case of mixed state because of the 
existence of some entangled states which satisfies the inequality. In this regard Werner 
|10j proposed a class of mixed spin-^ state which satisfies the Bell-CHSH inequality 
although it is entangled. Thus Bell-CHSH inequality does not detect all entangled 
state. But if the inequality is violated by mixed state then the state is surely entangled. 
Though Bell-CHSH inequality fails to detect all two qubits mixed entangled states, 
it is considered as the most efficient one because until 2004 there was no example of 
a quantum state not violating the CHSH inequality but violating some other Bell- 
Inequalities [llj. Later Andas [12j showed that a convex combination of product spin-^ 
state does not violate Bell inequalities for the generalised Bell type observables. Since we 
are now discussing about the violation of the Bell-CHSH inequality by a given mixed 
state so in this respect we should mention here that it was hard to say whether a 
given state violates the CHSH inequality because one had to construct a respective Bell 
operator for it. So to make this hard task easy, Horodecki family provided an effective 
criterion (necessary and sufficient condition) for violating the Bell type inequalities by 
mixed spin-| state |13] . The statement of the criterion is as follows: 
Horodecki criterion[13j: The two qubit density matrix p violates CHSH inequality 
for some Bell operator of the form Bchsh = a-o^ (6 + b').a + a'. a (5 — b').a iff 

M{p) = maxi>j{Xi + Xj) > 1 (2) 

where a, a', b, b' are unit vectors in and X[s are the eigenvalues of the symmetric 
matrix CjCp{T stands for transposition). 

Since the relation between the violation of the Bell-CHSH inequalities and entanglement 
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properties of quantum states is not clear so one may consider the mixedness of the sys- 
tem to understand the entanglement properties better than the Bell-CHSH inequality. 
It is a known phenomenon that as the mixedness of the system increases, the entangle- 
ment decreases. Naturally a question arises: Does there exist any upper bound of the 
mixedness of the given system upto which the entanglement is stayed in that system 
and beyond that the entanglement is totally lost? E. Santos [H] studied this problem 
to some extent and showed that if the linear entropy, which measures the mixedness of 
the system, is less than ^ then there are states which are entangled. But the bound for 
the linear entropy given by Santos is weak in the sense that it only detect entangled 
states which are also detected by Bell-CHSH inequality. Bose and Vedral also studied 
this type of problem. They gave a lower bound for the von-Neumann entropy and linear 
entropy and then showed that if the entropy exceeds the given bounds then those states 
cannot be used as a teleportation channel [15j . 

In this letter, we provide an upper bound to the mixedness of the state measured by 
linear entropy and show that the two qubit states whose mixedness less than the given 
upper bound are entangled. Our result is interesting in the sense that it detects a larger 
set of entangled state than any Bell-CHSH inequality and Santos's entropic criterion. 

Theorem: The two qubit mixed density matrix p is entangled iff 

Sl{p) < I (3) 
where Sl{p) is the linear entropy of the density matrix p. 

Proof: Any arbitrary state on H = C"^ ^ C'^ can be represented in a Hilbert-Schmidt 
basis as follows [16j: 

3 3 3 

p= ^(-^"Xi-f + X! (E> / + I (8) ^ SjCTj + ^ Cij ai (g) aj) (4) 

i=l i=l *ij=l 

where / represents the 2x2 identity matrix, ai {i = 1, 2, 3) denotes the standard Pauli 
matrices. 

The coefficients rj and Si are given by 

ri = Tr{pai(^I), Si = Tr[p{I ® (Ji)] (i = 1,2,3) (5) 

The coefficients Cij form a real matrix which we call as Cp and the elements of the 
matrix can be evaluated by the formula 

Cij = Tr{pai (g) Oj) (6) 

The state ^ is pure or mixed according as Tr{p'^) = 1 or Tr{p'^) < 1, where 

Tr{p') = \il + j:rf + j:sj+j:cl) (7) 

i=l i=l *ii=i 
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For a quantum state p in a 4— dimensional Hilbert space H the linear entropy is defined 
as follows [T7] : 

SUp) = ^{l-Tr{p')) (8) 
Using eq-dZD and eq.®, we get 

3 3 

^l(p) = i-^(Ek' + ^?)+ E 4) 
1=1 *j=i 

^ M(p) < Q{p) (9) 
where we introduce the function Q{p) as 



Q{p)=3{l-SL{p))-j2{rf + sh (10) 
In eq-Q, we have used the inequality 

3 

M{p) = max^>j{\i + Xj) < ^ 4 (11) 

Now to prove the theorem, we have to consider two cases. In the first case we considered 
those states which violates the Bell-CHSH inequality and in the second case we look for 
those states which satisfies the Bell-CHSH inequality but violate generalised Bell-CHSH 
inequality. 

Case-I: M{p) > 1. 

In this case the density matrix p violates the Bell-CHSH inequality and hence entangled. 
Therefore, using Horodecki criterion and eq. we can say that the state is entangled 
iff 



Q{p) > 1 

^SUp)<^-^Y.i^f + sj)<^ (12) 
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Case-2: M{p) < 1 < Q{p). 

In this case the density matrix p satisfies the Bell-CHSH inequality. Since there exist 
entangled states which satisfies the Bell-CHSH inequality so it is sufficient to show that 
the states, for which the relation 



M(p) < 1 < Q{p) 



(13) 
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is satisfied, violates the generalised Bell-CHSH inequalities. 
The generalised Bell-CHSH inequality is violated iff [18] 



N{p) > 1 (14) 



where the function N{p) defined as N{p) := Tr^CjCp = Yl,i=i 
Recalling the definition of the linear entropy for the state p, we have 



3 3 

5l(p) = i-^(EK' + ^?)+ E 4) (15) 

i=l ij=l 

The eq. (|15p can be rewritten as 

3 3 

Q{P) = E 4 = Tr{C];Cp) = ^ A, (16) 

i,j=l i=l 

Since Aj < 1 for i = 1, 2, 3 [TO] so 

3 3 

Q(p) = ^A, <^v^=iV(p) (17) 

i=l i=l 

Combining eq. (fT3]) and eq. (fT7|l . we have 

M{p) < 1 < Q{p) < N{p) (18) 



Therefore, eq. (jl8p tells us that the state p which satisfies the relation ()13p violates the 
generalised Bell-CHSH inequality and hence entangled. 

Thus the two qubit state p is entangled iff the linear entropy of the state satisfies 
Sl{p) < I - lEliirf + s^) < I 
Hence the theorem is proved. 



Corollary- 1: The density matrix p is useful for teleportation iff 

SUp) < I (19) 

Proof: From eq. (ll8p . it is clear that the two inequalities Q{p) > 1 and N{p) > 1 
simultaneously hold. 

(a) Q{p) > 1 ^ Sl{p) < I and 

(b) N{p) > 1 <^ p is useful for teleportation. 

Combining the two logics (a) and (b), we can say that the states which have linear 
entropy less than i are useful for teleportation. 
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Corollary-2: (a) It may happen that there exist states for which the following in- 
equality holds: 

Q{p) < 1 < N{p) (20) 

If inequality ()20p holds then there exist states with linear entropy exceeds | useful for 
teleportation. 

(b) It may also happen that there exist states for which the inequality given below holds: 

Q{p) < N{p) < 1 (21) 

If inequality (j2ip holds then there always exist some separable states with linear entropy 
exceeds | and hence useless for teleportation. 

Corollary-2 tells us that there exist states with linear entropy greater than | which may 
or may not be useful for teleportation. 
Let us illustrate our results with examples: 



Example- 1: Let us consider a two-qubit maximally entangled mixed state [ 20] ex- 
pressed in the computational basis as follows: 



Pmems 







/ i 

1 -p 





^ 2 



f/ 



where < p < 1. 
The real correlation matrix C, 



Pmems 



Pmems 



for the state pmems is given by 

-p 
Op 
2p - 1 



The eigenvalues of the symmetric matrix (Cj^^^^^^Cpj^j^j^^j^) is given by 

Ai = As =/,A3 = (l-2p)2 
The quantity M{pMEMs) is given by 



M{pMEMs) 



2p2 

5p2 _ 4p ^ ]^ 



From eq. (125^ . it can be easily found out that 



when \ < p <1 
when < p < i 



M{pMEMs) 



> 1 when < p < 1 

< 1 when < p < 4= 

V 2 



(22) 



(23) 



(24) 
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Therefore the state pmems violates the Bell-CHSH inequahty when < p < 1 and 
satisfies the inequahty when < p < A=. 

v2 

Now the hnear entropy Sl{pmems) is given by 

SdPMEMs) = (27) 

The function is symmetric with respect to the hue p = \- The function is 

increasing when < p < ^ and decreasing when ^ < p < 1. The maximum is attained 
at p = ^. Therefore, we find that 

2 

ShipMEMs) < when <p< 1 (28) 

Using our theorem we conclude that the state pmems is entangled for all values of the 
parameter p except zero. This may also be verified by calculating the concurrence [21] 
for the state pmems which in this case is found out to be p. Therefore the state is 
separable only when p = 0, otherwise entangled. 

Therefore our linear entropic criterion detect entanglement when < p < 1 while Bell- 
CHSH inequality detect entanglement only when -X= < p < 1. Our criterion thus detects 
larger set of entangled states than Bell-CHSH inequality. 



Example-2: In example-1, we find that the maximum value of the linear entropy 
Sl is I when p = ^. Now it is very likely to consider the states with Sl > ^ because 
those states may or may not be entangled. Thus we consider this example to emphasize 
on the region 5*1, > | by taking a family of Werner state, which can be expressed in the 
form: 



Pw 



/ 1+r 

/ 4 




V - 

^ 2 






l~r 
4 





r 
2 


\ 












1+r 
4 


/ 



(29) 



where < r < 1. 

The linear entropy for pw is given by 

SUpw) = 1 - r2 (30) 

In case of Werner state, Bell-CHSH inequality detect the entangled state when r > 
but our theorem tells us that the state is entangled iff r > Therefore, there is a 
region < r < in which our theorem detects the entangled state while Bell-CHSH 
inequality does not. Thus the condition in terms of linear entropy given in the theorem 
is more stronger than the condition ([2]). 

The function N{p) for the Werner state can be evaluated in terms of the parameter r 
and is given by 



Nip 



w 



3r 



(31) 
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Therefore the state pw is useful for teleportation iff 

N{pw) > 1 ^ ^ < r < 1 (32) 

Prom eg. ([30]) and eq. (j32]) . we find that the state pw is useful for teleportation iff 
< Sl < §• Thus there exist certain states in the family of Werner states which 
are useful in teleportation although their linear entropy is greater than |. This example 
verifies the first part of the corollary-2. In the region | < S'l, the state pw is useless 
for teleportation purpose and hence obeying the result obtained by Bose and Vedral. 

To summarize, we have investigated the relation between the two properties of the 
two qubit density operator: mixedness and entanglement. We found that if the linear 
entropy, which measures the mixedness of the state, is lying between zero and | (ex- 
cluding zero) then the two qubit mixed system is entangled. On one hand, we showed 
that there exist two qubit entangled system whose linear entropy greater than | and 
useful in teleportation but on the other hand there are mixed system with linear entropy 
greater than | are separable and hence useless in teleportation. Therefore if the given 
mixed system has linear entropy greater than | then we cannot definitely say that the 
given system is entangled or not. Our criterion not only detects entanglement but also 
detect larger set of entangled states than Bell-CHSH inequality. Hence our criterion 
also shed some light on the detection of two qubit entanglement. In future we may opt 
this criterion to detect the entanglement in d-dimensional and multipartite systems. 

References 

[1] C. H. Bennett, D. Divincenzo, Nature 404, 247 (2000). 

[2] C. H. Bennett, G. Brassard, C. Crepeau, R. Jozsa, A. Peres, W. K. Wootters, 
Phys. Rev. Lett. 70, 1895 (1993); D. Bouwmeester, J-W Pan, K. Mattle, M. Eibl, 
H. Weinfurter and A. Zeilinger, Nature 390, 575 (1997). 

[3] Nicolas Gisin, Grgoire Ribordy, Wolfgang Tittel, and Hugo Zbinden, Rev. Mod. 
Phys. 74, 145 (2002). 

[4] J. S. Bell, Physics 1, 195 (1964). 

[5] A. Einstein, B. Podolsky and N. Rosen, Phys. Rev. 47, 777 (1935). 

[6] J. F. Clauser, M. A. Home, A. Shimony and R. A. Holt, Phys. Rev. Lett. 23, 880 
(1969). 

[7] D. Collins, N. Gisin, N. Linden, S. Massar, and S. Popescu, Phys. Rev. Lett. 88, 
040404 (2002). 



9 



[8] W. Son, J. Lee, and M. S. Kim, Phys. Rev. Lett. 96, 060406 (2006); Se-Wan Ji, 
Jinhyoung Lee, James Lim, Koji Nagata, Hai-Woong Lee, Phys. Rev. A 78, 052103 
(2008). 

[9] A. Peres, Found. Phys. 29, 589 (1999) ;D. L. Deng, Z. S. Zhou, and J. L. Chen, 
e-print arxiv:quant-ph/0902.3534. 

[10] R. F. Werner, Phys. Rev. A 40, 4277 (1989). 

[11] D. Collins, and N. Gisin, J. Phys. A: Math. Gen. 37, 1775 (2004). 

[12] H. E. Andas, Phys. Lett. A 167, 6 (1992). 

[13] R. Horodecki, P. Horodecki, M. Horodecki, Phys. Lett. A 200, 340 (1995). 

[14] E. Santos, Phys. Rev. A 69, 022305 (2004); ibid. 70, 059901(E) (2004). 

[15] S. Bose, V. Vedral, Phys. Rev. A 61, 040101(R)(2000). 

[16] M. A. Nielsen and I. L. Chuang, Quantum Computation and Qauntum Information, 
(Cambridge University Press, Cambridge, 2000). 

[17] W. J. Munro, D. F. V. James, A. G. White, P. G. Kwiat, Phys. Rev. A 64, 030302 
(2001). 

[18] R. Horodecki, M. Horodecki, P. Horodecki, Phys. Lett. A 222, 21 (1996);S. M. Roy, 
and V. Singh, J. Phys. A 11, L167 (1977); ibid. 12, 1003 (1978). 

[19] P. Horodecki, and R. Horodecki, Phys. Rev. Lett. 76, 2196 (1996). 

[20] S. Ishizaka, T. Hiroshima, Phys. Rev. A 62, 022310(2000). 

[21] W. K. Wootters, Phys. Rev. Lett. 80, 2245 (1998). 



